We investigate the role of coherency strains on the thermodynamics of two-phase coexistence during Li ͑de͒intercalation of Li x FePO 4 . We explicitly account for the anisotropy of the elastic moduli and analytically derive coupled chemical and mechanical equilibrium criteria for two-phase morphologies observed experimentally. Coherent two-phase equilibrium leads to a variable voltage profile of individual crystallites within the two-phase region as the dimensions of the crystallite parallel to the interface depend on the phase fractions of the coexisting phases. With a model free energy for Li The kinetics of intercalation processes in the electrode materials of primary and secondary batteries involves both diffusion and phase transformations.
The kinetics of intercalation processes in the electrode materials of primary and secondary batteries involves both diffusion and phase transformations. [1] [2] [3] [4] [5] [6] The first-order phase transformations that occur during the insertion or removal of Li usually result in only slight structural modifications of the host. [7] [8] [9] [10] [11] [12] As a result, the transformations proceed by the passage of coherent or semicoherent interfaces that separate the new stable phases from the metastable phase. Any difference in lattice parameters between the two phases participating in the phase transformation, however, introduces coherency strains, which affect thermodynamic potentials such as the Li chemical potential and the overall free energy. This, in turn, can modify the composition bounds of any two-phase coexistence regions as well as the voltage profile for cathode compositions where two-phase coexistence occurs and may even alter phase stability qualitatively.
Coherency strains are especially important in determining the two-phase equilibrium in the Li x FePO 4 system, as was made evident by the discovery of Chen et al. 13 of a peculiar two-phase morphology within large, chemically delithiated crystallites of Li x FePO 4 . Li diffusion in Li x FePO 4 is restricted to one-dimensional channels parallel to the b-direction of the orthorhombic ͑Pnma, space group 62͒ Li x FePO 4 crystal structure.
14 An elementary analysis of phase separation would therefore suggest that the interface separating Li-poor Li FePO 4 from Li-rich Li 1−␦ FePO 4 , where and ␦ are both small, should be perpendicular to the b-direction ͑i.e., parallel to the ac plane͒, as this would allow a uniform extraction ͑insertion͒ of Li ions from ͑in͒ the surfaces perpendicular to the diffusion direction. Transmission electron microscopy ͑TEM͒ observations of chemically oxidized large platelike crystallites, however, have shown that the interfaces separating the Li FePO 4 and Li 1−␦ FePO 4 phases within the crystallites of Li x FePO 4 are perpendicular to the a-direction ͑parallel to the bc plane͒. 13 Chen et al. argued that this morphology should minimize the elastic strain energy, allowing the crystal to relax along the a-direction of the orthorhombic cell, which varies by almost 5% between Li-poor Li FePO 4 and Li-rich Li 1−␦ FePO 4 . 13 Meethong et al. 15, 16 recently highlighted the importance of coherency strains on the rate capabilities of LiFePO 4 crystallites with differing two-phase solubility limits, showing that the nucleation and growth kinetics depend strongly on the misfit strains of the first-order phase transformation in Li x FePO 4 . The observed decrease in the miscibility gap was argued to be due to strain and surface energy and stress. They also compared the elastic strain energy of the core/shell and spherical cap two-phase morphologies within spherical crystallites, finding that the strain energy incurred by the core/shell morphology is significantly more costly than the spherical cap morphology. This work clearly demonstrated the importance of strain energy in selecting the phase transformation morphology during the intercalation processes.
Many morphologies of two-phase coexistence are geometrically possible at intermediate Li concentration in Li x FePO 4 . Several simple ones are illustrated in Fig. 1 for a crystallite having a rectangular prism shape. While a homogeneous distribution of Li throughout the crystallite is only stable for dilute or very high Li concentrations at room temperature, a complete solid solution for all x between 0 and 1 in Li x FePO 4 is stable above 520 K. 17, 18 Twophase coexistence can be derived from a homogeneous crystallite either through the electrochemical removal or insertion of Li ions, or through the cooling of a high temperature solid solution with intermediate Li composition. For the Li x FePO 4 system, we denote Lipoor Li FePO 4 as the ␣-phase and Li-rich Li 1−␦ FePO 4 as the ␤-phase. If many crystallites are present, which can exchange Li ions among each other, two-phase coexistence can be realized by having a subset of crystallites exist as ␣ while the others exist as ␤. 19 We refer to this state as an incoherent two-phase mixture, and its free energy is simply the weighted average of the free energies of each individual phase ␣ and ␤. If two-phase coexistence occurs within the same crystallite, coherency strain energy becomes important. Figure 1 illustrates two important coherent two-phase morphologies for Li x FePO 4 . Morphology I is similar to that observed by Chen et al. 13 in chemically delithiated Li x FePO 4 crystallites and has the interface separating ␣ and ␤ parallel to the bc plane ͑perpen-dicular to the a-axis͒. Morphology II has the interface between ␣ and ␤ parallel to the ac plane ͑perpendicular to the b-axis͒ and would emerge if phase separation occurred in the crystallographic direction of Li diffusion ͑b lattice vector͒.
While generally recognized as important, the effect of coherency strains on two-phase equilibrium is rarely taken into explicit consideration. Cahn, early on, explored the role of coherency strains on two-phase equilibrium, initially in the context of spinodal decomposition close to the critical point of a miscibility gap. 20 Williams subsequently pointed out differences in thermodynamic equilibrium criteria between coherent two-phase coexistence and incoherent/ fluid two-phase coexistence for substitutional solids, while Larche and Cahn [23] [24] [25] [26] developed a systematic thermodynamic formalism that incorporates coherency strains in analyses of chemical equilibrium in substitutional and interstitial solids. Johnson and co-workers [27] [28] [29] [30] expanded on this work, recently publishing an excellent and comprehensive review paper on the topic. 30 Much of the past work on coherent equilibrium has focused on substitutional solids, while intercalation compounds should be viewed as interstitial solids in which guest ions, such as Li, occupy the interstitial sites of a relatively open host structure. Recently, the effect of coherency strains in interstitial solids has been investigated in the context of hydrogen sorption in metal hydrides, assuming isotropic elasticity. 31, 32 Here, we derive general equilibrium criteria for coherent two-phase coexistence in interstitial Li-intercalation compounds using the Li x FePO 4 system as a specific example. We derived equilibrium criteria that explicitly account for the two-phase morphology recently observed by Chen et al. 13 The general equilibrium equations incorporate the anisotropy of the elastic constants arising from the orthorhombic symmetry of the Li x FePO 4 crystal structure. 33 We show how coherency strain can modify solubility limits of two-phase coexistence and introduce hysteresis in the voltage curve. Within the two-phase coexistence region, the presence of coherency strains results in an equilibrium voltage curve for individual crystallites that depends on the phase fraction, as the dimensions of the crystallite and hence the thermodynamic boundary conditions of the system depend on the relative amounts of the coexisting phase in coherent equilibrium. We also show that in the presence of coherency strains, the free energy of a two-phase mixture in the Li x FePO 4 system is minimized by a morphology in which the interface is perpendicular to the a lattice parameter, as opposed to the kinetically more facile morphology having an interface perpendicular to the b-direction corresponding to the direction of Li diffusion.
The thermodynamic effects of coherency strains also allow us to rationalize the more recent observations of Chen et al. 34 on large quenched crystallites in which a high temperature solid solution is stabilized indefinitely at room temperature. Li x FePO 4 has a complex electronic structure, involving localized electronic states that couple to Li-vacancy disorder, 35, 36 and is responsible for unique finite temperature thermodynamic properties. 37 Phase diagram measurements by Delacourt et al. 17 and Dodd et al., 18 as well as a first-principles study by Zhou et al., 37 show that while Li x FePO 4 forms a solid solution at high temperature, it decomposes to a two-phase mixture of Li-poor Li FePO 4 and Li-rich Li 1−␦ FePO 4 upon cooling, not through a miscibility gap but rather through a eutectoid reaction at approximately 200°C with a eutectoid composition x = 0.6. 18 The recent studies of Chen et al. 34 on large quenched particles suggest that phases having the eutectoid composition can be quenched to room temperature and do not decompose over time to form a twophase mixture of Li-poor Li FePO 4 As a final result, we show that crystallites having a needle shape with the longest length parallel to the a lattice vector of the orthorhombic cell minimize the strain energy incurred during the twophase coexistence, thereby reducing the required overpotential for the ␣ to ␤ transformation as well as the mechanical damage 38 during cycling.
Free Energy of Coherent Two-Phase Coexistence within an Orthorhombic Crystallite
We considered a crystallite having a rectangular prism shape and a simple two-phase morphology with phase fractions ␣ and ␤ for the ␣-and ␤-phases, as illustrated in Fig. 1 . The total number of interstitial Li sites within the crystallite is denoted by M such that M ␣ is the number of interstitial sites within the ␣-phase and M ␤ is the number of interstitial sites in the ␤-phase. If the total number of Li ions within the crystallite is N, a fraction N ␣ is distributed within the ␣-phase and the remaining N ␤ = N − N ␣ resides in the ␤-phase. In terms of these variables, the Li concentration within the ␣ ͑␤͒-phase can then be written as
the overall Li concentration of the crystallite x = N/M is related to the phase fractions and concentrations within the ␣-and ␤-phases according to
The dimensions of the crystallite depend on the Li concentrations and phase fractions of the ␣-and ␤-phases. To describe the changes in the dimensions with Li concentration and phase fraction, we work within a Lagrangian description 30 and express strains relative to the equilibrium volume of a single phase crystallite having a concentration x = 0. The strain of the crystal along a particular direction ͑tak-ing out rigid rotation and in the absence of shear͒ then becomes
where L i is the length of the deformed crystalline along direction i, while L i 0 is the length of the undeformed crystallite along i when x = 0. We label the six independent strains in terms of one index according to the following convention of Nye: 39 31 , and 6 = 2 12 = 2 21 .
The strain i , relative to the reference volume at x = 0, can be decomposed as a sum of a chemical strain, i 0 ͑x͒, that emerges from a change in crystal dimensions as Li is added to the crystallite and an elastic strain due to coherency constraints, i 4 phase is thermodynamically stable. Two-phase coexistence can occur incoherently whereby a subset of electrode crystallites is in the ␣-phase and the remainder is in the ␤-phase. Two-phase coexistence can also occur within the same crystallite, as illustrated by morphologies I and II.
The elastic strains result in elastic stresses, which for the orthorhombic crystals of Li x FePO 4 take the form If we consider coherent two-phase coexistence between the ␣-and ␤-phases, as illustrated in Fig. 2 , neither phase has its equilibrium dimensions as coherency requires that the coexisting phases are stretched or compressed to maintain crystallographic continuity at the interface. Neglecting changes in the shape of the crystallite, the strains are homogeneous, with stretching ͑contraction͒ in the 2 and 3 directions of the ␣ ͑␤͒-phase. Because the crystal is not constrained on the surfaces perpendicular to the 1 direction, it can relax fully with the stress along 1, thereby equilibrating with the external pressure, which for simplicity we take as zero. This reduces the problem to a plane stress description.
The total free energy of the coherently coexisting phases within the crystallite can be written as
which is a sum of the free energies of the ␣-and ␤-phases at their equilibrium dimensions when unconstrained by coherency plus the total elastic strain energy, E strain , arising from coherency strains. The elastic strain energy corresponds to the changes in energy of the ␣-and ␤-phases as they are strained from their equilibrium lattice parameters at concentrations x ␣ and x ␤ to a common lattice parameter to ensure coherency at the interface. Neglected in the above expression for the total free energy of the crystallite are surface and interfacial free energy terms. These are important for small crystallites, 40, 41 but relative to volume contributions to the free energy are small for large crystallites.
Assuming homogeneous strains, we can calculate an expression for the strain energy analytically. The elastic strain energy in the absence of shear strains for an orthorhombic crystallite under plane stress becomes
where the integral extends over the reference volume V 0 of the crystallite. Here, the plane stress elastic moduli depend on the full matrix of elastic moduli according to
with i, j = 1,2,3. The elastic constants, in principle, depend on the Li concentration. Assuming uniform strain in each phase, the above integral can be written as
where
should be interpreted as a strain energy density. The total free energy of the crystallite having two-phase coexistence and normalized per interstitial Li site can then be written as
can be interpreted as the free energy of a homogeneous crystallite per interstitial site having concentration x when the crystallite is elastically strained in the 2 and 3 directions by 2 and 3 but free to relax in the 1 direction relative to its equilibrium volume at concentration x. In Eq. 11, ⍀ is the volume of the crystal per Li site ͑measured in the reference state at x = 0͒, such that V 0 /⍀ is equal to the total number of interstitial sites. With Eq. 3, the free energy for the strained crystallite can be considered to depend explicitly on the temperature T, the pressure P ͑which determines the stress along direction 1, 1 ͒, the Li concentration x, and the total strains 2 and 3 in the 2 and 3 directions, i.e., g͑T, P,x, 2 , 3 ͒.
Coherent Two-Phase Equilibrium Criteria
We analyze coherent two-phase equilibrium within a rectangular prism crystallite, with the interface separating ␣ and ␤ perpendicular to the 1 direction, all at constant temperature T, pressure P, and constant number of Li ions N. ͑Because the stress arising from coherency strains is significantly larger than the hydrostatic pressure from the environment, we neglect the role of ambient pressure and take P = 0. This also avoids the need for cumbersome Legendre transforms.͒ The crystallite has several internal degrees of freedom that are not fixed by the experimental boundary conditions. Although the total number of Li ions is constant, their distribution over the coexisting phases ␣ and ␤ is not. We can use N ␣ as an independent internal metric for the distribution of Li between the coexisting phases
The phase fraction of ␣ ͑or ␤͒ within the crystallite is also not imposed by external boundary conditions but sets in at a particular value of ␣ in equilibrium ͑ ␤ = 1 − ␣ ͒. Finally, due to coherency constraints, there are also dimensional degrees of freedom in the 2 and 3 directions that are not imposed externally. The total strains, 2 and 3 , relative to the reference volume at x = 0 can serve as variables for these degrees of freedom within the assumption of homogeneous deformations within each phase.
In equilibrium, the internal independent degrees of freedom choose values that minimize the total free energy of the two-phase crystallite. This minimum can be determined by setting the partial derivatives of G ͑Eq. 5͒ with respect to the independent variables equal to zero 
An explicit solution to the above equations leads to four equilibrium criteria for a coherent two-phase equilibrium between ␣ and ␤ within a crystallite
In Eq. 13, the lithium chemical potential , where refers to either the ␣ or ␤ phase, is derived from the free energies g defined in Eq. 11 of the strained crystallite at constant 2 and 3 ͑i.e., constant lateral dimensions in the 2 and 3 directions͒ according to
͓17͔
The Li chemical potential can be written explicitly as
accounting for the possibility that the elastic moduli and lattice parameters depend on the Li concentration. The stresses appearing in Eq. 15 and 16 are related to the strain energy densities according to
where the second equality emerges because the free energy g, appearing in Eq. 11 and corresponding to the free energy of the crystal at its equilibrium volume, does not depend on 2 and 3 . Equations 15 and 16 are the mathematical statements that the average stresses of the crystallite in the 2 and 3 directions are zero. In view of the second equality in Eq. 19, the mechanical equilibrium criteria, Eq. 15 and 16, for two-phase coexistence can be expressed in terms of g coex , defined by Eq. 10, according to
where implicitly the overall concentration x is also held constant during differentiation. In general, because equilibrium lattice parameters and elastic moduli may depend on concentration, the mechanical equilibrium criteria, Eq. 15 and 16, depend on the chemical equilibrium criteria, Eq. 13 and 14, and vice versa, and all four equations need to be solved simultaneously. At constant 2 and 3 , the chemical equilibrium criteria, Eq. 13 and 14, are equivalent to the well-known common tangent construction for the two-phase equilibrium applied to g ␣ and g ␤ . For interstitial intercalation compounds, such as Li x FePO 4 , that maintain the same host crystal structure over the whole concentration range, the free energy of the homogeneous phase is one continuous curve as a function of x. This is illustrated schematically in Fig. 3 . The free energy g ␣ then denotes the free energy of Li x FePO 4 corresponding to the Li-poor free energy well ͑␣-phase͒, while g ␤ denotes the free energy of Li x FePO 4 for the Li-rich free energy well ͑␤-phase͒. Equation 13 requires that the slopes to g ␣ and g ␤ at x ␣ and x ␤ are parallel, while Eq. 14, which corresponds to an equality of grand canonical potentials, requires that the tangents to g ␣ and g ␤ at x ␣ and x ␤ intersect the g-axis at x = 0 at the same point. The total free energy per interstitial site, g coex , resides on the common tangent at the bulk concentration x, as illustrated in Fig. 3 . The mechanical equilibrium criteria, Eq. 15 and 16, expressed in the form of Eq. 20, requires that the normalized free energy of the two-phase crystallite g coex ͑Eq. 10͒ at the bulk concentration x is minimum with respect to variations in the lateral dimensions 2 and 3 of the crystallite. The corresponding matrix of second derivatives ‫ץ͑‬ 2 g coex ‫ץ/‬ i ‫ץ‬ j ͒ is positive definite because the strain energy densities, e ␣ and e ␤ , are convex by construction. The extrema are therefore minima.
The four equilibrium criteria and their graphical interpretation of Fig. 3 
Li concentration x 0.0 1.0 Figure 3 . Graphical construction to determine coherent two-phase coexistence, including the effect of strain. Chemical equilibrium is determined by the common tangent construction at fixed strains 2 and 3 . g coex resides on the common tangent at the overall crystallite concentration x. Mechanical equilibrium is then determined by a minimum of g coex with respect to strains 2 and 3 . In a coherent two-phase crystallite, the equilibrium strains 2 and 3 therefore depend on the composition x.
Application to Li x FePO 4
While Li x FePO 4 at room temperature appears to have thermodynamic properties similar to that of a regular solution model, exhibiting a miscibility gap between crystallographically identical host structures with different Li compositions, its thermodynamic properties are significantly more complex as manifested by its high temperature behavior. 17 4 and Li-rich Li 1− FePO 4 through a eutectoid reaction with a eutectoid composition x = 0.6. Hence, the free energy curve, even at room temperature, is likely to differ from that of a simple regular solution model. To have an accurate model for the free energy of Li x FePO 4 , we used an empirical free energy expression commonly used in calculation of phase diagrams ͑CALPHAD͒ descriptions of experimental thermodynamic data, relying on a Redlich-Kister polynomial expansion 42 of the excess free energy along with an ideal-solution configurational entropy term ͑for both Li-vacancy disorder and localized electron disorder͒. The free energy for Li x FePO 4 can then be written according to
where g 0 and g 1 are the free energies of FePO 4 and LiFePO 4 , and L n are coefficients of the Riedlich-Kister polynomial expansion. Terms up to order n = 5 were included. The factor of 2 in front of the ideal-solution entropy expression arises from the fact that for every Li site that can accommodate Li-vacancy disorder, there is also an Fe site that can accommodate localized electron-hole disorder. 37 The coefficients of the Redlich-Kister expansion were adjusted to produce an open cell voltage curve similar to that measured by Meethong et al. 43 and also to ensure that two-phase coexistence is predicted, even in the presence of coherency strains. No attempt, however, was made to perform an in-depth CALPHAD-like assessment as voltage curves for true bulk phases of Li x FePO 4 with negligible surface and interface contributions are unlikely available. The resulting free energy at room temperature is illustrated in Fig. 4 . We point out the existence of a local minimum in the free energy curve around x = 0.55. This feature in the free energy, while an artifact of matching a high order polynomial to thermodynamic data for dilute and concentrated Li x FePO 4 at room temperature, is not inconsistent with the eutectoid reaction at 200°C whereby the ␣/␤ two-phase mixture decomposes into the intermediate solid solution phase, Li x FePO 4 , with x ϳ 0.6, upon heating.
In treating coherent two-phase coexistence in Li x FePO 4 , we make two assumptions to simplify the analysis: ͑i͒ the elastic moduli are independent of the Li concentration and ͑ii͒ the lattice parameters obey Vegard's law ͑linear dependence of the lattice parameters on Li concentration͒. Vegard's law for the lattice parameters implies that the chemical strains have the form
In Eq. 22, i has the same value in both the ␣-and ␤-phases. As a quantitative estimate of realistic elastic moduli, we used values predicted from first principles, taking the average of each c ij for FePO 4 and LiFePO 4 .
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With these assumptions, a solution to the mechanical equilibrium criteria, Eq. 15 and 16, is possible without simultaneously having to consider the chemical equilibrium criteria, yielding
for the total strains of the crystallite in the lateral dimensions 2 and 3. As Eq. 23 shows, the lateral dimensions of the crystallite now only depend on the overall Li concentration of the crystallite, x, and not independently of the phase fractions or Li concentrations in the ␣-and ␤-phases. Within each phase, the elastic strains in the 2 and 3 directions become, using Eq. 3, 22, and 23
This expression shows that the elastic strains in the coexisting phases depend on the difference in the concentration of each phase relative to the overall Li concentration of the crystallite. With Eq. 22 and 24 and constant c ij , we can write the Li chemical potential in coherent two-phase coexistence ͑Eq. 18͒, which for the ␣-phase, for example, becomes
while the free energy in coherent two-phase coexistence becomes
where ⌫ is a function of the elastic constants and i of Eq. 22 
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Similar expressions hold for ␤ and g ␤ . Although the expressions for ␣ and g ␣ ͑ ␤ and g ␤ ͒ take a simple form, they still depend explicitly not only on x ␣ ͑x ␤ ͒ but also on the overall Li concentration x ͑because the bulk composition x determines the lateral dimensions 2 and 3 ͒. Hence, as the overall concentration of the crystallite, x, is varied within the two-phase region, the coherent two-phase equilibrium free energies, g ␣ and g ␤ , also change. Cahn 20 presented similar expressions for a cubic crystal in his study of coherent equilibrium close to the critical point of a binary miscibility gap.
With Eq. 22 and 23, the chemical equilibrium criteria for coherent two-phase coexistence, Eq. 13 and 14, reduce to a simple common tangent construction in a free energy vs Li composition plot. This is illustrated in Fig. 5a and b for morphology I ͑Fig. 1͒ in which the interface between ␣ and ␤ is parallel to the bc plane. For morphology I, we take the a lattice vector of the orthorhombic crystal to be aligned with axis 1, the b lattice vector along axis 2, and the c lattice vector parallel to axis 3. The misfit strains are taken to be 2 = 0.036 and 3 = −0.0186 based on the experimentally measured difference in lattice parameters between FePO 4 and LiFePO 4 in the b-and c-directions. 13 Figure 5a and b illustrates how the free energy in coherent two-phase equilibrium, g of Eq. 26, depends on the overall crystallite concentration x, with Fig. 5a showing g at x = 0.3 and Fig. 5b showing g at x = 0.7. The free energies corresponding to the free energy wells in the Li-poor and Li-rich regions are referred to as g ␣ and g ␤ , respectively, as illustrated in Fig. 5 , even though they reside on a single free energy curve g. The total free energy of the crystallite per formula unit for the two-phase equilibrium state, g coex , given by Eq. 10, lies on the common tangent to g ␣ and g ␤ at the overall crystallite concentration x. The black curve in Fig. 5a and b corresponds to the envelope of the coexistence free energy g coex as a function of x.
Effect of coherency strain on solubility limits.-We can assess the importance of coherency strain energy in altering the concentrations within the coexisting phases x ␣ and x ␤ . In the absence of coherency strains ͑i.e., equivalent to incoherent two-phase equilibrium͒, these concentrations for Li x FePO 4 for our free energy model illustrated in Fig. 4 are x ␣ = 0.03 and x ␤ = 0.94. With the inclusion of coherency strain energy, the concentrations within the coexisting phases change to x ␣ = 0.05 and x ␤ = 0.93. Hence, the effect of coherency strain energy on the concentrations of coexisting phases for our free energy model of Li x FePO 4 is quite small, changing them by 1-2%. For the assumptions made here ͑constant elastic moduli and linear concentration dependence of the lattice parameters͒, the concentrations, x ␣ and x ␤ , happen to be independent of x, as was shown by Lee and Tao. 44 However, relaxing these assumptions results in compositions x ␣ and x ␤ that vary with the bulk concentration x.
Effect of coherency strain on two-phase morphologies.- Figure  6 illustrates free energies per interstitial site for the different morphologies of two-phase coexistence of Fig. 1 . For incoherent twophase coexistence ͑in the absence of coherency strains͒, the normalized free energy ͑per Li interstitial site͒ resides on the common tangent to the free energy of the homogeneous phase. This free energy is the weighted sum of the free energies of ␣ and ␤ in their unstrained states. The free energy of coherent two-phase coexistence is always higher than that of incoherent coexistence due to the presence of a coherency strain energy penalty. The solid line in Fig. 6 corresponds to the free energy, g coex I , of coherent two-phase coexistence with morphology I ͑Fig. 1͒ in which the interface is oriented parallel to the bc plane. The dashed line denoted g coex II corresponds to the coherent two-phase coexistence free energy for morphology II with the interface parallel to the ac plane. For morphology II of Fig.  1 , the b lattice vector is parallel to axis 1, the c lattice vector is parallel to axis 2, and the a lattice vector is parallel to axis 3. The misfit strains for this morphology are then 2 = −0.0186 and 3 = 0.052 based on changes in lattice parameters between FePO 4 and LiFePO 4 .
13 Figure 6 clearly shows that morphology I has a lower free energy than morphology II, consistent with experimental observations of two-phase coexistence with the interface perpendicular to the a-direction. 13 In morphology I, the a lattice parameter, which undergoes the largest change when transforming from FePO 4 to LiFePO 4 , is able to fully relax, while in morphology II, the lattice parameters a of coexisting ␣ and ␤ must be constrained to a common value.
Coherency strain and low temperature stabilization of high temperature solid solutions.-In Fig. 6 , g coex II merges with the local minimum of the homogeneous free energy around x = 0.55. This local minimum corresponds to a metastable phase around x = 0.55, which we shall call the ␥-phase. The local minimum is an artifact of using a high order polynomial when fitting an empirical free energy expression ͑Eq. 21͒ to the voltage profile for single-phase ␣ and ␤. Nevertheless, due to the experimentally observed eutectoid reaction around 200°C, 18 where Li x FePO 4 at x ϳ 0.6 emerges from the decomposition of a two-phase mixture of ␣-FePO 4 and ␤-LiFePO 4 , it is likely that such a local minimum exists in the actual free energy of Li x FePO 4 at room temperature. The implication of Fig. 6 is that if coherent two-phase coexistence is only permitted to occur according to morphology II, the ␥-phase around x = 0.55 can be thermodynamically stabilized at room temperature. This emerges because any coherent two-phase separation into ␣ and ␤ along the b-direction at x ϳ 0.55 has a higher free energy than the metastable ␥-phase. For coherent two-phase coexistence with morphology II, Fig. 6 predicts that a two-phase mixture between ␣ and ␥ occurs below x ϳ 0.55, while above x ϳ 0.55 a coherent two-phase mixture between ␥ and ␤ is stable.
Although morphology II has a higher strain energy penalty than morphology I, the fact that Li diffusion can only occur along the b-axis in Li x FePO 4 can lead to scenarios where two-phase decom- position is kinetically only feasible according to morphology II. The formation of morphology I requires selective Li extraction from the surface of the crystallite, such as that proposed by the dominocascade model, 19 either electrochemically or through chemical oxidation, as Li redistribution along the a-direction is not possible within the interior of a Li x FePO 4 crystallite. If, however, a crystallite with a homogeneous Li distribution at high temperature was subsequently quenched to room temperature in air, it would only be able to redistribute Li along the one-dimensional diffusion channels parallel to the b-axis, thereby leading to morphology II ͑excluding surface diffusion as a possible redistribution mechanism͒. Chen et al. 34 recently performed these experiments and found with TEM analysis that high temperature intermediate compositions such as Li 0.6 FePO 4 can be quenched to room temperature and remain stable over time. Furthermore, they observed two-phase coexistence similar to that of morphology II of Fig. 1 , stating that their "results indicate that upon cooling, the solid solution disproportionates into the fully lithiated phase and a partially lithiated intermediate phase via lithium-ion movement along the b-direction, with phase boundaries lying in the ac plane." 34 Coherency strains and voltage.-Although the effect of coherency strain energy on solubility limits is small for olivine Li x FePO 4 when using our empirical free energy model, its effect is more significant on the voltage curve. In the absence of coherency strains, the voltage within a two-phase region is constant, as the thermodynamic properties of coexisting phases do not change with a variation in the overall concentration; only their phase fraction changes. With coherency strains, the state of strain of the coexisting phases continuously evolves with x due to a variation in the relative phase fractions of the two phases. The intrinsic voltage is related to the Li chemical potential in the crystallite ͑ Li cathode ͒ according to
where Li anode is a constant reference chemical potential ͑e.g., of metallic Li͒ and F is Faraday's constant ͑needed if the chemical potentials are expressed in joules͒. Figure 7 illustrates the voltage curve for Li x FePO 4 derived from the above described free energy model. This voltage curve is strictly for a single crystallite when the bulk concentration of the crystallite is controlled externally ͑e.g., by controlling the current͒. Upon charging the particle, the voltage must be reduced below the incoherent two-phase equilibrium voltage ͑dashed line in Fig. 7͒ to overcome the strain energy incurred by coherent two-phase equilibrium. Hence, the system follows the metastable voltage curve of the Lipoor phase until the thermodynamic driving force for two-phase coexistence is larger than the coherency strain energy incurred by that coexistence. As the overall concentration of the crystallite is increased once inside the coherent two-phase region, the phase fraction of the Li-rich phase increases at the expense of the Li-poor phase. Due to coherency, a change in the relative fractions of the Li-rich and Li-poor phases changes the lateral dimensions of the crystallite, thereby making the voltage dependent on the bulk concentration of the crystallite within the two-phase region. When assuming constant elastic moduli and Vegard's law, the voltage for a single crystallite increases linearly inside the two-phase region. Similar behavior was predicted for the hydrogen partial pressure during hydrogen sorption in Pd.
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Discussion
An important approximation in our analytical treatment of elasticity was to assume that the crystallite does not change shape but only expands or contracts along the three axes parallel to the crystallographic lattice vectors. In reality, the shape of the crystallite changes during the two-phase coexistence with some degree of surface rumpling. Chen et al. 13 observed slight rotations of coexisting phases relative to each other. The analytical coherency strain energy therefore serves as an upper bound to the coherency strain energy in real crystallites as it is derived assuming restricted deformational degrees of freedom. The analytical treatment becomes more accurate if the two-phase morphology is periodic, as illustrated in Fig. 1 and  2 , and systematically improves as the periodicity between ␣ and ␤ domains along the 1 direction reduces relative to the dimensions of the crystallite in the 2 and 3 directions. This is illustrated in Fig. 8 where the coherency strain energy for three different phase fractions of ␣, obtained from a finite element calculation that allows the shape of the crystallite to change, is compared to the analytical coherency strain energy used in our thermodynamic analysis. In the analytical and finite element treatment of Fig. 8 , different elastic moduli were used for the ␣-and ␤-phases, as predicted from first principles. 33 X-ray diffraction measurements by Chen et al. 34 show that coexisting LiFePO 4 and FePO 4 have different lattice parameters, implying that coherent equilibrium is relaxed to some extent. In actual crystallites, the strain is not uniform throughout each individual phase. A more rigorous treatment of coherent two-phase equilibrium would then require the introduction of field variables for the local concentration and strains followed by an integration over the local strain energy and chemical free energy to obtain the total free energy ∆E/E Φ β =0.01 of the crystallite. Equilibrium criteria then emerge after taking variational derivatives of the total free energy with respect to the concentration and strain fields as well as the interface shape separating ␣ from ␤.
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The most important result of the analytical treatment from an experimental point of view is the effect of coherency strain energy on the compositions of the coexisting phases and on the overpotential required to initiate the transformation from ␣ to ␤ ͑or vice versa͒. These are determined by the coherency strain energy associated with a very small phase fraction of the new phase. As is clear in Fig. 8 , the analytical treatment becomes a better approximation as the phase fraction of the minor phase diminishes.
The voltage profile of Fig. 7 for coherent two-phase equilibrium is strictly valid for individual crystallites when the concentration of the crystallite is controlled externally ͑e.g., by controlling the current͒. While voltages are usually measured at a constant current, electrochemical measurements can also be performed controlling the voltage, which, in thermodynamic equilibrium, imposes a constant Li chemical potential on the system as opposed to a constant number of Li ions. Under this constraint, the voltage vs composition profile has a different appearance, exhibiting hysteresis, as illustrated in Fig. 9 . When discharging an electrode that transforms coherently, for example, the voltage must be reduced sufficiently below the incoherent two-phase equilibrium voltage plateau to overcome the energy penalty of coherency strains. Once that underpotential has been reached, the crystallite at the constant external voltage transforms irreversibly to the Li-rich phase at the same voltage. Upon charging, a similar overpotential must be exceeded in the opposite direction to overcome coherency strain energy of two-phase coexistence, after which the system irreversibly transforms to the Li-poor phase if the voltage is externally controlled. Hence, coherency strains, when controlling the voltage, lead to losses as the builtup elastic strain energy that must be overcome is released to the environment in an irreversible manner ͑e.g., sound waves, crack, and dislocation formation͒.
Even if the concentration of the electrode is externally controlled, it is unlikely that the qualitative voltage profile of Fig. 7 is observed in actual electrochemical cells as electrodes consist of many crystallites, allowing Li ions to redistribute between the different crystallites. If, for example, a situation were reached where all particles had the same concentration inside the coherent two-phase region, then the overall free energy of the composite electrode would be minimized by having some crystallites give up Li and become a single-phase Li-poor crystallite and other crystallites accumulate more Li and become single phase but Li rich. This is equivalent to incoherent two-phase equilibrium without the coherency strain energy penalty. In equilibrium, the voltage would then coincide with that for incoherent two-phase equilibrium ͑neglecting surface energy terms͒. Nevertheless, upon addition of Li, a subset of crystallites must transform from the Li-poor phase to the Li-rich phase, and the transformation involves the temporary existence of coherent two-phase equilibrium. Before this is possible, an underpotential ͑overpotential͒ is required to overcome the strain energy arising from coherent two-phase equilibrium. However, the collection of electrode crystallites again relaxes to a collection of coexisting single-phase crystallites, as has recently been observed experimentally. 45 We emphasize that the quantitative as well as qualitative predictions of the current treatment are sensitive to the behavior of the free energy of the homogeneous phase inside the incoherent two-phase region. This portion of the free energy of Li x FePO 4 , which in our free energy model is simply a polynomial extrapolation, is currently not known and very difficult to access experimentally. The effect of coherency strain on the compositions of the coexisting phases, x ␣ and x ␤ , will be more significant than predicted here if the difference between the homogeneous free energy inside the two-phase region and the common tangent, ⌬g, is smaller than in the free energy model for Li x FePO 4 used in the present study. In fact, two-phase coexistence could be completely suppressed within individual crystallites at room temperature if the maximum value of ⌬g inside the two-phase region is less than the coherency strain energy penalty of two-phase coexistence.
The coherency strain energy scales with the size of the crystallite and depends on the crystallite shape. For macroscopic crystallites, this coherency strain energy is too large to be overcome by thermal fluctuations, and two-phase coexistence can only be achieved by a large overpotential in the voltage, as described above. One way to reduce the overpotential needed to initiate two-phase coexistence in macroscopic crystallites is by adjusting the crystallite shape in a way that minimizes the coherency strain energy introduced upon nucleating the new phase. Figure 10 illustrates the coherency strain energy density ͑strain energy divided by the volume of the crystallite͒ for a rectangular prism when a thin ␣-phase ͑phase fraction of 1%͒ exists at the center of a ␤ crystallite. The interface is taken to be in the bc plane, perpendicular to a. The strain energy density was obtained from finite element computations, allowing the shape of the crystallite to relax and using elastic moduli for ␣ and ␤ predicted from first principles. 33 The strain energy density is plotted as a function of the crystallite lengths in the 2 and 3 directions relative to the crystallite length in the 1 direction. The minimal strain energy associated with nucleating a thin slice of the new phase occurs for long, needlelike crystallites where lengths L 2 and L 3 are significantly shorter than length L 1 . In this geometry, the strain energy resulting from the lattice mismatch along the b and c lattice vectors is minimized because the interface area across which the mismatch occurs is minimized.
A minimization of the coherency strain energy through particle shape optimization not only leads to a reduction in the overpotential required to initiate the phase transformation from ␣ to ␤ ͑or vice versa͒, but also reduces the likelihood of mechanical damage and fatigue. Large localized stresses during two-phase coexistence can result in the formation of irreversible defects such as dislocations and cracks. 38 These extended crystalline defects hamper the subsequent passage of interfaces during ␣-to ␤-phase transformations and result in overall particle degradation. As the crystallites approach the nanoscale, the total coherency strain energy becomes small as well. At very small scales, the coherency strain energy may become comparable to thermal energy and could then be overcome by thermal fluctuations. Hence, at the nanoscale, less of an overpotential is needed to initiate the ␣-to ␤-phase transformation. This appears to be confirmed by size dependent electrochemistry measurements, where crystallites with linear dimensions ϳ110 nm display a ͑dis͒charge curve with an overpotential, whereas smaller particles around 40 and 27 nm do not exhibit this overpotential.
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Conclusion
We derived mechanochemical equilibrium criteria for two-phase coexistence within Li x FePO 4 crystallites and analyzed the role of coherency strains in affecting solubility limits, phase stability, and overpotentials required to initiate first-order phase transformations during ͑dis͒charging. We have also shown how coherency strains can stabilize high temperature solid solution phases at low temperature when phase separation is restricted to occur along the Li diffusion direction of the olivine Li x FePO 4 crystal structure. A finite element analysis shows that the crystallite shape that minimizes the coherency strain for the nucleation of two-phase coexistence has a needle shape with the long axis parallel to the a-direction of the olivine crystal structure.
